Problem with a solution proposed by Arkady Alt , San Jose , California, USA.

For any given positive integer n > 3 find smallest value of product
1 1 1
= 1.

X1x2...x, where x1,x»,...,x, > 0and Thx + 76 +...+1+x”
Solution.
letn=3. Wehave —L 4+ 1 1 =1

1+X1 1+X2 1+X3

3+2(x1+x2+Xx3)+x1x0+Xx2x3 +x3x] = 1 +X] +X2+Xx3+X1X2 +X2X3 +
X3X1 +X1X2X3 < 2 +Xx1 +x2 + X3 = x1x2x3. SiNCE X1 +x2 +x3 > 3 YX1X0X3
then xx,x3 > 2+ 3yFmon < (yomxs -2) (Fa +1)7 20 =
XXXz =220 < xixaxz > 25

Or another solution:

Since L +-1 1 _jo_1 , 1 _ X

1+X1 1+XQ 1+X3 1+X1 1+XQ 1+X3

l+x3 | 1+4x3 — x> >2(1+x3)‘/ 1 1 _ 2(1 +x3)
1+x; 1 +x; - l+x; 14+x; \/(1+X1)(1+X2).

2(1+XZ) x> 2(1+X1)
‘/(1+x3)(1+x1) T JOra)d+x)
Hence, x1x,x3 > 231 +x1)(1 +x2)(1 +x3) _
J(1+XQ)(1+X3) J(l+x3)(l+x1) °J(1+X1)(1+XQ)

Using idea of this solution we can prove general case.
Z 1 . X . 1 +x,
Then by AM-GM Inequality

We have forany k =1,2,...,n
= <~ Z —_ = Xk.
zlt¢k1+xl lll¢k1+ i
n=, H (1+xl
i=1,i+k

Similarly we obtain x;

n
Z 1 +x, e L X 1 +xx S L+

Let P = ]_[(1 +x1). Since ]_[ (1+x;) = —then
i=1,i+k
I ]_[ (1+x) = —2L%— — pr1 and, therefore,
k=1 i=1,i#k H(l +xk)
k=1

- 1" - 1
[Tx > H — DA +x) S LA _(n-1)'P

k=1 k=1 ’ non B -y pr-1
n—l| H (1 +x ) n‘l/H H (1 +xl)
i=1,i+k k=1 i=1,i#k

=m-1)".




